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Abstract-Using the recently developed imbricate non·local continuum approach. zones of strain
softening (distributed microcracking) which have a tinite size can be modeled. A differential approxi­
mation of the aV'eraging integrals for the non-local continuum makes it possible to obtain eltact
analytic.\1 solutions for unialtial softening in a bar or for fleltural softening in a beam. The differential
equations of the problem along with the essential and natural boundary conditions and the con­
ditions at the interface between the softening and non-softening regions are derived by a variational
procL-dure based on the principle of virtual work. The failure due to strain softening is analyzed as
a stahility prohlem. In contrast to the hlunt crack band model. the size of the strain-softening region
is treated as an unknown to be solved by stability analysis. Numerical results show that the size of
the strain·softening region is approximately constant. and so is the energy dissipated due to failure.
Ductility di:lgrams. giving the strain at failure as a function of beam size and support stilfness are
also calculated and arc found to be quitc simil'lr to those ohtained previously by local analysis with
an assumed size of the softening region. These conclusions lend further support to the usc of a blunt
erack band model for localizcd cracking.

INTRODUCTION

Failure of brittle heterogeneous materials sw.:h as concrete or rock usually involves large
zones of distributed cracking. On the macroscale, the material in these zones exhibits strain
softening, i.e. a gradu<ll decrease of stress at increasing strain. The mathematical modeling
of this phenomenon has recently generated extensive debate[I-3]. Problems arise with the
strain-softening concept when a rate-independent loc<ll continuum is considered. For that
case, it may be shown that strain-softening zones of tinite size are in general unstable, and
the cracking or strain softening may localize to a zone of zero volume, i.e. a surface. or a
line. or a point. Nevertheless. large zones of cracking are often observed experimentally.

A simple way to describe cracking zones of \inite size in a finite element code is to
prescribe the minimum size of the strain-softening finite clements. This appro<lch, proposed
on the basis of stability analysis in 1974[4]. has led to the formulation of the blunt crack
band model[4-7]. which h.ls been shown to be in agreement with the fracture test data on
concrete or rock available in the literature. An alternative method to obtain agreement with
these fr.tcttlrc data is to lump the cracking into a line <lnd postulate a stress-displacement
relation at the tip of a line crack[8], in a manner whieh is similar to the original models for the
cohesive zone in ductile fracttlre[9. 10]. This alternative appro<lch, however. is incapable of
handling craeking situations in which the cracking does not localize to a zone of minimum
possible width, as determined by the aggregate size or grain size, but remains distributed
over much larger areas. Such situations happen. e.g. in reinforced concrete when the steel
ratio is sutllciemly brge. or in dynamics where inertial forces prevent immedi.tte localization.
and also in certain situations where a compression zone immediately ahead of the fracture
front provides a restraint which prevents the localization of cracking. as has been dem­
onstrated for certain therm<ll stress problems.

A rigorous formubtion for distributed cracking. which has the blunt crack band model
as its special case and can describe strain-softening zones offinite size, was recently proposed
in Ref. [6]. Like the cbssical non-local continuum theory[ 11-15], the macroscopic stress,
called broad-range stress. is considered to be a function of the mean strain over a certain
representative volume the size of which (the characteristic length) is a property of the
material. Unlike the classical non-local continuum theory. however, the averaging operator
that defines the mean strain must be applied once more to the broad-range stress in
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order to obtain the stress to be substituted into the differential equation of equilibrium.
Furthermore. this non-local continuum must be coupled in parallel (i.e. overlaid) with a
local continuum in which the (local) stress at a point depends only on the strain at the same
point. This overlay is necessary to prevent spurious zero-energy periodic deformation
modes. The continuum may be considered as the limiting case of a system of imbricated
(regularly overlapping) finite elements the size of which is kept constant and equal to the
characteristic length of the medium while the mesh is refined. Therefore. this new type of
non-local continuum is called imbricate.

The imbricate non-local continuum has so far been used only in numerical finite
element studies. Various problems of one-dimensional planar. cylindrical. and spherical
waves as well as the fracture process in a two-dimensional rectangular specimen have
been solved for strain-softening materials. However. no exact analytical solutions for the
imbricate non-local continuum have yet been obtained. Development of such solutions is
the objective of this work. Such solutions are useful for verification and calibration of
imbricate non-local finite element programs. They can also bring to light some simple basic
properties of the imbricate non-local continuum. e.g. the variation of the size of the strain­
softening domain and the energy dissipated in it as a function of the structure size. support
stiffness. and the softening slope of the macroscopic stress-strain diagram. We will
demonstrate such solutions for one-dimensional problems of axial deformation as well as
bending.

Before embarking on our analysis. it is proper to mention that some researchers at
present believe that continuum models with strain softening. even in the recent non-local
form. do not adequately describe the physical reality. Some of them assert that the only
realistic approach is either micromechanics analysis introducing some specific form of
material inhomogeneities or representation of a damage zone through a softening stress
displacement relation for an isolated equivalent crack. Others propose the usc of homo­
genization theory. although questions then arise whether homogenization is physically
realistic if dis<.:ontinuities can lh:velop within the softening zone or on its boundary. Inter­
esting though such proposals and <.:riticisms may be. they have not so far led to any usable
mathematil.:al model for strul.:tural analysis. Within the limited scope of this paper. these
divergent views <.:annot be analyzed adequately. For a more detailed discussion sec, e.g.
Ref. [I] whidl gives an extensive bibliography.

It is propa to point out also that another formulation of a non-local continuum for
strain sol'lening has been found after the completion of the present analysis[16-l8]. This
formulation in which the elastic strains arc <.:onsidered to be local and the non-local
treatment is applied only 10 those internal variables which cause strain softening. has been
found to perform very wcll in tinite clement analysis and has already been successfully
applied to a tinite element system with several thousand nodal displacements[16] (e.g.
problems of stability of the excavation of a tunnel in a grouted strain-softening soil). The
advantages of this alternative formulation arc that: (I) it requires no element imbrication
and thus is simpler to program. (2) no extra boundary conditions of higher order (such as
eqns ( 13) (15» arc needed. and (3) there exist no periodic zero-energy instability modes.
making an overlay with a local clastic continuum unnecessary. This alternative formulation.
however. does not apparently permit explicit analytical solutions such as presented in this
paper. Also. the operators in it arc not symmetric. while those in the present formulation
arc.

DIFFERENTIAL APPROXIMATION FOR A 7'ON-LOCAL CONTINUUM BAR

We consider a bar of uniform cross section with a unit area (Fig. I(c». The bar is
initially in equilibrium at initial total stress Sf) and initial axial displacements l/\t) which
depend on the axial coordinate x. We consider increments lI(x) of the axial displacement
from this initial state. In the imbricate non-local continuum. we must distinguish two kinds
of incremental stresses: the local stress r and the broad-range stress (1. which may be
expressed as
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in which E. Ean: the local and non-local incremental clastic moduli. dujdx = I: the local
strain incn:rm:nts. I: the mean (or non-local) strain increment. ~(s) the given empirical
weighting fUI1\;tinn. and Ithe characteristic length. nver which the strain averaging is carried
out.

The integral ddinition of the mean strain in eqn (I) makes it dillicult to obtuin
analytical solutions. It also requin.:s modification at points closer to the ends of the bar
than 1/2. Therefore. we will usc a dilrcrential approximation (2). which is obtained by
expanding II(X) into a Taylor series. integrating and trun<:ating the resulting series after the
second term; this leads to

_ ( ., d~) dll
1:= I+)'-dx~ dx (2)

in which t. is the length constant (equal to 11..;/24 if ~ = I; sec Ref. [5]). It may be shown
by variational <:alculus (2) that the dilli.:rential equation of equilibrium associated with eqn
(2) must have the forrn dS/dx = 0 in which S is the totul stress (i.e. the ~Ietual stress).
delined as

(3)

where rT is the me~1I1 stress and (' the empirie~11 eoemcient characterizing the fraction of the
local response. For c = I all response is local, and for c = 0 all response would be nonloeaL
However. as shown beforc eqn (2). the <:asc c = 0 is unstable (for a uniform weighting
function ~(s». permitting periodic zero energy deformation modes. Stability requires that
c > O. although for practical numerical reasons the valucs of c less than about 0.1 should
be avoided in tinitc element analysis be<:ause they produce excessive numerical noise.

The materi;l! of the bar is assumed to obey a rate-independent stress-strain relation
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which ex.hibits a post-peak strain softening (Fig. I(a)). As shown before eqns (I) and (2),
the strain softening is admissible only for the non-local part of material behavior. i.e. for
the dependence of the broad-range stress (J on the mean strain f. The local behavior may
be elastic (Fig. I(b)) or elastic-plastic hardening. but not softening. For the non-local
inelastic behavior. we must distinguish the incremental dastic moduli for further loading
(increasing strain). £ = E,. and for unloading (decreasing strain). £ = Ell' For the pre­
peak. hardening regime. E, > O. while for the post-peak. softening regime. E, < O. Always
Ell > O. For the local behavior. E> 0 always.

We consider only static deformations. in which the bar must be in equilibrium. and so
5 = canst. along the bar. When the broad-range stress is in the pre-peak hardening regime.
only one strain value corresponds to a given stress value. and so the strain distribution
must be uniform. For the post-peak softening behavior. however. the strain docs not have
to be uniform because more than one strain value is associated with a given stress value.
Accordingly. we assume that a centrally located segment of length 211 undergoes further
loading, and the remaining segments of lengths L - II undergo unloading from the same
initial state characterized by stresses r". all. 5" and strains e" = fO (Fig. I(c)). (It may be
shown that strain softening always localizes into a single segment rather than several
segments.) To simulate the behavior of a specimen in a testing machine. we consider the
specimen to be loaded through springs of spring constants C attached at the ends.

Due to symmetry. we analyze only one-half of the bar of length L. loaded by one
spring. The objective of our analysis is to check successive post-peak states in the strain­
softening regime and determine the initial strain f," at which the strain distribution fIrst
becomes unstable. with strain localization into a segment of length II. This length is also
unknown and is to be solved. The bar is loaded at the end of the spring in a displacement
controlled fashion, and the strain increments I: arc assumed to happen so rapidly that the
displacement at the end of the spring is zero. i.e. no work is done by the external loads or
prescribcd displacements during the incremental deformation.

The essential and natural boundary conditions were determined before [2]. but the
interf:lce conditions and the conditions for clastic boundary restraint or symmetry were
not. To obtain these conditions, we consider the virtual work of the incremental stresses in
the system

f
l. fl.

eHV = (I - £')/1(jl: dx+ e!l: dx +() WI. = 0
() f)

(4)

in which 112(L) is the displacement at the end x = L of the bar. and 11.1 is the displacement
at the end of the attached spring. The stiffness C of the spring is assumed to be constant.
Distinguishing the stresses and displacements in the loading and unloading segments by
subscripts I and 2. and substituting egn (2) for I: with /: = dlljdx = II', we obtain

(5)

in which the primes arc used to denote the derivatives with respect to x. Through successive
integrations by parts we may transform egn (5) as follows:

(6)
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+(I-e:)/.[(1:6u';-6":(1It':])- [L [(I-c) «(1:+I.:(1';)+er:]'611: dx+6WL= 0 (7)
.h

6W = [5 ,JII,l~ + [( 1-e)/, :«(1,611"; - (1"1 611 ", )It -r5",6111 dx

+ [5 :<)II:lk + [( I - e);': «(1 :c5It'; - (1~<51t':>1; - r5~()1I: dx+ J ~VL = O. (8)

The condition that this variational equation must be satisfied for any kinematically admis­
sible variations Jill (x) and ()11 :(x) yields:

ditTerential equilibrium equations

dS, ("d:):dld ,dllT
d

== (I - c) £, I + I." -1' d---" +('Ed'-' = 0
x (X" x' .\""

dS, (' d: ): dll; dll;
d

"==(I-c)£u I+I'-d' d ~+e£d···~==O;x .\"" X" ,I:"

boundary conditions of symmetry at x == 0

S'I ()11 1 == 0, (1"1 <)11'1 == 0, (1, <)11'; = 0;

interface conditions at x == II

boundary conditions at x = L

(9)

( 10)

(II)

(12)

The foregoing conditions imply both the natural (static) and the essential (kinematic)
boundary or interface conditions. We must now choose between the two and we do so as
follows:

for x = 0

(13)

for x = Iz

for x == L

5: = [IIJ -1I:(L»). (1': == 0, 1/; = O. (15)

Equations (13) give the boundary conditions which satisfy the requirements of symmetry
of the displacement field with regard to the middle of the bar and the condition that strain
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<; should be nonzero at x = O. Note that the conditions 0-'1 = 0 and u'; = 0 at x = 0 imply
ulV = O. which could replace the boundary condition V'I = 0 at x = O.

Equations (I~) and eqns (15): and (15), can also be derived physically ifoneconsiders
the imbricate microstructure as described in Ref. (4]. At each point of the bar there are
infinitely many infinitely thin elements of length I overlapping each other (Fig. I(d)). and
the end of the bar the imbricated elements protruding beyond x = L are chopped off and
anchored at x = L (Fig. I(e)), The corresponding difference equations agree in the limit
with eqns (14) and (15).

The differential equations in eqns (9) for segments 0:::;; x < hand h ~ x ~ L are of the
sixth order and. therefore. their general solution involves 12 arbitrary constants. This agrees
with the number of boundary and interface conditions in egns (13) (15), whieh is also 12.

SOLUTION OF DIFFERE;\iTJ.\L EQUATJO:\S

Since c. E. E" and E, are constants within the unloading and softening segments. and
E, < 0 with the other constants being positive. the general solution of egns (9) may be
written as

and

I/,(.r) = C cosh 1,.\" sin/l,.\"+C: sinh 1:.\" cos 11,.\"+('1 cosh 1,.\" cos 11,.\'

+c.l sinh 1:.\' sin/l:.r+C.\"+c' (17)

and

1,=1. 1('·'1-~)1:. 11,=). '(A\+~)". ,·f,=(W+.-u]I:. A: = (L'((I-c)E"jI.

( IlJ)

Substitution of these equations into the boundary and interface conditions in eqns (13) (15)
yields a system of 12 algebraic linear equations for the unknown constants 8,.8:..... H,,.
C I ••••• C,. Solution of this lincar equation system was programmed for a computer.

STRAIN·LOCALlZATIO;\i INSTABILITY

To check for stability. we may apply the procedure first used in Ref. [4] in 1974 in an
analysis of the same problem for a local medium. The system is stable if the work that must
be done on the system to produce any admissible kinematical variation of displacements is
positive. Thus. if this work is not done. no displacement variation occurs. i.e. the system is
stable. However. if at least for one kinematically admissible displacement variation this
work is negative. the displacement variation will happen spontaneously and energy will be
released. This is an unstable situation. The case when the work is zero is the critical state,

One type of incremental loading which obviously tends to induce strain localization is
to enforce displacement Ju at the interface.\" = II between the softening and loading
segments. the end of the spring being held fixed (1/\ = 0). ff the reaction ()U at x = h is
positive. the work ~ IV = (5Q ()u/2 is positive. and so the system is stable. Otherwise it is
unstable.

At the critical state (5/( = O. i.e. the reaction variation is zero while the displacement
variations arc nonzero. These displacement variations arc accompanied by a change of
stress S:(L) in the spring. Thus. the critical state is characterized by the possibility of a
change of the end reaction in the spring at no change of end displacement. This means that
on approach to instability the incremental stiffness for end loading of the system tends to
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infinity. or that the incremental compliance tends to zero. If the incremental compliance is
positive. the system is stable. and if it is negative. the system in unstable. This method of
detecting instability is used in our numerical calculations.

We assume that the broad range stress-strain diagram in Fig. I(b) is given. which
means that the tangent modulus for loading. E,. is known as a function of strain E. Also
gi\'en is the unloading modulus Eo as a function of i (Fig. I(b». The elastic modulus E for
local behavior is specified. too. and so are the length L of the bar. the spring Constant C
and the material characteristic length i..

At which value of strain i does the system become unstable? This question may be
answered by the following numerical procedure in which stability is checked for a sequence
of increasing discrete values F.;l (i = 1.2.3....) of initial strain t\ and for each f:.J for a
sequence of increasing values h; (j = I, 2....• N) of segment h.

(I) Loop on initial strain values i:' of a uniform initial strain in the bar. increasing
from 0 to a certain specitied maximum value (e.g. 5) c,. where [;, is the strain at peak stress.

(2) For the i:;', determine E, and Ell as specified.
(3) Loop on discretc values hi' increasing in discrete steps from () to L (j = 1.2..... N).
(4) Solve B,.B:..... C, ..... C" and Ii] from the boundary conditions in eqos (13)-

(15) in which S:(L) = -I.
(5) If Ii) ~ O. go to step 7. Otherwise return to stcp 3 and repeat steps 3-5 for the next

It-value.
(6) No It-value gives a critical state for this f~'-value. Return to step I and repeat steps

I -5 for the next I~'-value.

(7) Now UI ~ O. So the critical value of h is between the last two values "l' Interpolate.
using Newton iterations. to determine the critical It more accurately.

(X) Then repeat thcsc iterations for various values of I;lJ lying between the last two
discrete values of m'. This involves repetition of steps 1··3 for intermediate discrete values
of i;" in order to determine the critic.tl value of EO more accurately. along with the cor­
responding h.

Normally It < L. except for very small beam lengths. Then the smallest f;ll for which a
critical state exists is characterized by two simultaneous conditions: Ii J(h lEO) = () and
?Ii I(h li;o)/('h =: () for S :(L) =: - I. The foregoing algorithm is one way to solve these
conditions, but other numerical root search methods can be employed just as well. However,
if Ii I=:{) occurs for It =: L. which may happen for very small L. then the condition ('udl'h =: 0
need not apply.

The results of numerical calculations are plotted in Figs 2-5. Figure 2 shows an
example of the dependence of the length of the strain-softening segment. 2h. on the length
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Fig. 1. Dependence of length h of strain-softening segment (left scale) and of dissipated energy IV,
(right seale) on length L.
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Fig. 3. Ll:nglh It l,f strain-softening segment as a fUIl\:ti\1f1 of the strain·softening modulus E, (top)
and of s.'ftening helllhllg rigidity R, (hullom).

of the bar. normalized with regard to the characteristic length / (lc = 24;. C). The spring is
considered infinitely still', the ratio of the loading and unloading non-local moduli is
£,/£" = - 0.2. the local elastic modulus is E := 0.2E". and the non-local participation factor
is (' := 0.25. We see that the length of the localil.ation segment is not (;Onstant. but it m'IY
be considered as approximately constant. in this case 211 ~ 1.2/. This agrees with the
assumption made in the crack band model. egn (6).

Figure 2 also shows how thc cncrgy. WI. dissipated in the strain-softcning zone dcpcnds
on thc rclative Icngth ofthc bcam. for which C -+ O. Thc density of W, (i.e. cnergy dissipatcd
pcr unit Icngth of the bar) is dctincd by the cross-hatchcd arca in thc broad-range stress­
strain diagram in Fig. I (b) (thc rcason that this rcprescnts the dissipated energy. or the
fracturc energy. is givcn in Ref. [6] or Rcf. [2/). W, is normalizcd with respcet to the clastic
energy IIs c/2£". Note that. execpt for some initial l1uctuation. the dissipated cnergy. whieh
is essenti.llly equivalcnt to the fracture energy. is approximately indepcndcnt of the rclativc
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Fig. 4. States of strain localilatioll on instahility for non-local theory and for 10c,II theory with
length )1 of slr;lin·locali/ation scglT1l:nt.
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Fig. 5, Strain 1:[ at strain-lo..:ali7atil>n instahility (ductility) as a 1\IIKtilln l>f har Icngth L for various
spring ..:onstants C and varilHls shapes l>fstress-strain diagram (m = ~ left. 111 = 3 right).

beam size. LII, This again agrees with the assumptions made in the approximate blunt crack
band model[2J.

Figure 3(top) shows the ctlcct of the ratio of the loading and unloading moduli E" Ell
on the relative length of the strain-softening segment. 21t/1. for the case of a relatively long
bar. LII1 = 20 (other properties being the same as before). In this diagram. the variation of
the length of the strain-softening segment is somewhat more pronounced: 211/1 varies from
0.8 to 1.2. Note that in numerical calculations one must be careful to distinguish the first
instability mode (solid curve in Fig. 3) from the second higher instability mode (the dashed
curve in Fig. 3(top). Only the first instahility mode can occur in practice.

Figure 4 shows the stability limits in terms of spring constant C. normalized with
regard to the lInlo~lding bar stiffness AE.,! L and plotted vs the ratio of loading to unloading
moduli. - E,I Ell'

Figures 5(a) and (b) show the ductility of the bar as a function of the relative bar
length. L/I. for various v"llues of spring constant C relative to the bar stifrness. The ductility
is defined as the initial uniform strain in the bar at the ansI.:! of instability. 1:1. and its plot
is normalized with regard to the strain I:!' at peak stress. The stress strain diagram used in
this calculation is given in Fig. 5(c). in which the formula is also wriuen. The results arc
plolled for two values of 1/1 from this formula. corresponding to the typical post-peak
response of low strength con\:rete (111 = 2) and medium strength \:on\:rete (/II = 3). The
unloading modulus Ell is. in these calculations. assumed to he e4ual to the initial c1asti\:
modulus E. i.e. E" is constant. This is done in order to make possible a comparison of the
results with a previous solution bascd on the local crack band model[5] : these calculations
were also made for E:, = E = const. although it might have been more realistic to consider
E" to be a function of I:r. su\:h that E" is between the secant modulus and the initial c1asti\:
modulus.

The diagrams in Figs 5(a) and (b) arc plotted for various valucs of the spring constant
C relative to the bar stilrness E"A/ L. We see that ductility generally decreases as the length
of the bar increases. or as the spring stifrness decreases. These trends arc wcll known from
experimen ts.

The results previously obtained with the local solution based on the Cf<lck hand model
an.: shown for comparison as the dashed lines in Figs 4 und 5. The dushed lines in Fig. 5
were reported in previous work[4). in which it was shown that. in the local approach. the
length of the strain-softening segment. h. must be considered to be a material property and.
especially. must not be allowed to be arbitrarily small (this condusion then led to the crack
band theory in Refs [I. 5-7] for lo\:al (inite clement analysis of distributed cracking).

Although the length II = \I', or the strain-softening segment in the local solution plays
the same role as the characteristic length lor i. in the present non-local solution. there is
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no reason why these two quantities should be exactly equal. Therefore. the length of the
strain-softening segment (localization segment) in the local solution was considered as
w" :=: 1,2 where I is the characteristic length in the present non-local theory (I: = 24;,:).

Similarly. the ductility values. i.e. the values of the strain f:r at the onset of instability.
do not have the same meanings in the local and non-local approaches. and so the strain at
instability for the local solution was considered as r;r.,. The values of :x and fJ were then
varied so as to minimize the difference between the non-local and local solutions (in the
least-square sense). Such best agreement is obtained for the present example when :< = 1.5
and {J = 1.045 for III = 2 or {J = 1.025 for III = 3 (Figs 5(a) and (b)). It is now worth noting
that the differences between the local and non-local solutions in Figs 4 and 5(a) and (b) arc
indeed quite small. and that the optimum values of:< and r; are not very Jitferent from I.
We may thus conclude that the local solution. in which the length of the strain-softening
segment (localization segment) is considered to be a material property (as is done in the
blunt crack band theory). yields approximately correct results. A caveat must be added.
though: this need not hold true for general three-dimensional solutions. in which boundary
constraints or reinforcement might enforce the strain-softening region to be much larger
than the characteristic length.

IMBRICATE NON-LOCAL BENDING THEORY

Another problem which is one-dimensional and easily amenable to an analytical
solution is the non-local solution for bending. We consider a beam with a constant sym­
metric cross sectional area A and centroidal moment of inertia I (Fig. I(g)). x,: arc the
axial and transverse coordinates and II' the transverse dd1cction. We adopt the Bernoulli
Navier hypothesis that plane cross sections n:main planc and normal to the detlection linc
and that transvcrse normal stn:sses arc negligible. The detlections arc assumed to be small,
Introdul:ing the relations I:(.\:) = S:x(s)l:(x+s) dol', (1 :=: 1?1:, r = h'I:, I; = c, and /::=: k::, into
the integrals M = Jrr: d.·/' 1/1 = Jr:: d,·/' over thl: cross sectional area A, and defining the
non-local and local bending moments, we obtain the n:lations

f
'1

1/1 = Rh:, M = Rk:, ".:=: II''', k:(x) = . :«s)h:(x+.I') dol'
./ ~

(20)

where R :=: £1, R :=: f/, I :=: J:1 dA ; k: is the: non-Iol:al curvature:, Ithe charactaistic h:ngth
of the non-Iol:al medium and :«.1') the given weighting function, same as in e4ns (I).

As a partil:ularly simple strain-softening problem, we will analyze: curvature local­
ization in a simply supported beam shown in Fig. I(g). Due to symmetry, the: problem is
equivalent to a cantilever beam of length L. loaded by a transvase distributed load if and
at the end by a transverse I:oncentrated load P. For the purpose: of analytical solution, we
again replace the integral averaging operator in e4ns (20) by a differential operator, which
is obtained by expanding h:(x+s) into a Taylor series about roint x. After trunl:ation of
higher-order terms, we thus obtain the approximation

(21 )

We expel:t strain softening to occur within a symmetrically located segment of length 211
(Fig. I (g».

The virtual work expression for the bar may be wri tte:n as
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whkh is similar to eqn (2) (i.e = /:/24): If is the transverse distributed load. Subscripts I
and 2 are anhed to distinguish between the segments of length II and L -It (Fig. 6(b».

The virtual work expression for the cantilever beam may be written as

Substituting the previous expressions for I: and i:. and splilling the integrals over segments
of lengths II and L - II (Fig. 6), we may rewrite this expression as

(23)

By two subsequent integrutions by parts, eqn (11) may be transformed to

with the notations
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Tht: condition that eqn (2-l) must bt: satisfied for any kinematically admissible variation
()w(x) ~idds:

the following ditlcrential equations of equilibrium

AI! = '}. AI'; = '/:

tht: boundary conditions of symmetry at x = 0

,fl I ilu.'; = O. A/'\()u'! = O. Al\{)u.';' = O. M'I()u.'; = 0;

the intt:rface conditions at x = Iz

(26)

(27)

A/I(),I"·\-A/:()u.': = O. ifl'l()U'I-A/':()\I"~ = O. MIc5II"';'-M2(51I"'~' = O.

Af'I c5u.'; -Af'~()u.'~ = 0; (28)

the end houndary conditions at x = L

(.\t:-Mjc)u.': = O. (.\/·:-P)()u· 2 = O. Al:()u.'~' = O. M'2()U.'~ = O. (29)

From eqns (26) it is clear that At I and AI" represent the total bending moments in the cross
sections of the heam.

According to the particular kinematic conditions of our example (Fig. I(g». the
houndary and interface conditions from eqns (27)·(21.) reduce to:

for .r = 0

(30)

fur x = Iz

= 11.'1 lI"e- u"~ = " u,1t = H,t~'11'1 \t'.> = U' ~,

;\f I = At ". i\f'1 = A/ 2. M I = M 2• /1.1'1 = M 2; (31 )

for x = L

(32)

In view of eqn (21). the condition Al'l = 0 at x = 0 is equivalent to Il'i = O. as stated.
We now wnsider that the heam is initially in a stress state which involves strain

softening within the celltral segment of length II. We are interested in the stability of this
initial state and analyze. therefore. additional deformation increments. Thus. II'I(X) and
11""(X) represent small deflection increments from the initial state. and we assume if = O.

To make an analytical solution feasible. we must assume that the bending rigidities R,
and R" in segments Iz and L -Iz arc constant. This would not be possihle if the properties
of the hcam were defincd hy stress strain rebtions. because. in contrast to our previous
analysis of the har. the initial distribution of the bending moment is not uniform (Fig.
I(h)). Therefore. we assume that the beam properties are characterized by local and non­
local moment curvature rebtions which exhibit strain softening. Even though the initial
hending moment is nonuniform over the beam. we assume that the incremental bending
rigidities R, and R" for further loading and for unloading are constant within the range of
initial hending moments in the segments II and L-II (Fig. I (i)).

Strain softening may be exhibited only by the non-local moment curvature relation
between M and h:. The local moment curvature relation between III and" (Fig. l(j» is
assumed to he elastic. with hending rigidity R. Substituting All = R,Il"; . .\l~ = Rull.';.
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m \ = Rw'j, m: = Rw'; into eqns (25) and then into eqns (26). we obtain the basic differential
equations of the problem

Al'j = (I - c)R(II"j + 2;. :w\V + ;"II"~I)" + cRw\V = q

AI'; = (I-c)R,,(Il"; +2i:ll"~v+;.~Il"~I)"+cRII"\V = q. (33)

The present problem is mathematically equivalent to the previous probkm of axial
deformation. Indeed, if we replace 11''' by II. eqns (33) become identical to eqns (9). Thus.
the general analytical solution is of the same form. except that two more integrations must
be carried out to obtain II' from 11'''. The general solution of the difl'en:ntial equations in
eqns (33) for the softening segment of length h and the non-softening segment of length
L his

1I':(x) = C 1 cosh :c:x sin 11:x+C: sinh :c:x cos fJ:x+C, cosh J(:X cos II:.\:

+C~ sinh :x:x sin II:x+C,x'+C h x:+C 7x+Cs (35)

in which

(37)

This solution involves 16 unknown constants, for which the boundary conditions and the
interl~lce conditions in eqns (30) -(32) yield 16 linear algebraic eq uations.

CURVATURE LOCALIZATION INSTABILITY AND NUMERICAL RESULTS

Based on the foregoing formulation. we may now study the conditions under which
strain-softening behavior in a beam becomes unstable. Similar to our previous procedure
for axial ddormations in a bar. we consider that an incremental load is applied ,It the
cantilever end (Fig. I(g», either P = - I or AI = - I. Then we scan the range of values of
IR,IIR" and hiL. We choose a series of discrete values of these variables. solve the problem
for each combination and calculate for the beam end the displacement 1I':(l.). where an end
load is considered. or II"I(L) when un end moment is considered, If this value is positive.
the beam is stable, and if it is negative, the beam is unstublc. The smallest value of IR,I R,.
for which this happens for some value of h is the critical stute.

The numerical results arc shown in Figs 6 and 7 and the bottom of Fig, 3, Figure
3(bottom) shows the length of the curvature localization zone h as a function of the softening
bending rigidity. The steeper the softening slope. the longer is the strain-softening segment.
For steep softening slopes, the ratio 2hll seems to be almost constant and equal to 0.8.
Figure 6 shows the deOeetion curves of the cantilever beam for the applied moment at the
end (/11 = - 1). The deOection curves are plotted in Fig. 6 for three stiffness ratios. Note
that a steeper softening slope causes an increase of the deflection. The distributions of the
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ratio of the broad-range moment AI to the totalmolllent .fi (Fig. 7(1dt)) indil:ate that the
lkviation from the local solution (horizontal dashed lines) inCfeasl:s significantly with the
softening slope R,.

The same cantilever beam was subjected at the free end to the transverse force I' = - I
(Fig. 7(right)). In this ease one finds that the pillt of the softening wne length" vs R,/R"
is ;lImost identil:al with the previously obtained plot for AI = -. I (hg. 3(bottom)). Thl:
diagrams of ddkl:tion u'/I within the short softening sl:gml:nt are also nearly identical.
Figurl: 7 shows the distributions of broad-range bending moment AI and broad-range shear
furl:e I'. Note that for a wry small softening slope. R,/ R" = - 0.00 I, the distribution of Al
and espel:ially I' signilkantly deviate from the local solution (dashed lines) for small x, but
fur larger x gradually l:onvcrge to them.

COr\CLlJSIO~S

(I) The differential approximation of imbricate non-Iol:al wntinuum permits modeling
strain-softening regions in bars anJ beams whid] arc ofa finite length. and it makes possible
an exal:t analytical solution.

(2) The essential and natural boundary conditions are derived by a consistent variational
prlKedure from the prilKiplc of virtual work.

(3) Similar to previous work[4]. the failure due to strain softening is treated as a
stability problem of a l:ontinuous strueture.

(4) The previously published solution hased on a 10c;1I continuum concept and a size
limitation on the strain-localization zone yields approximately the same results as the
present exal:t solution. This lends further justification to the blunt erack band model for
distributed cracking.

(5) In the present formulation. the length of the softening segment is not specilled in
advance but is unknown: it may be determined by st;lhility analysis. This length appears
to be approximately constant over a bro;ld range of conditions and approximately the same
as the width of the strain-softening region (cracking zone) in the al0rementioned previous
local approach. The energy dissipated due to strain softening seems to be also almost the
same for these two approaches.
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